A hitherto unnoticed property of Dürer's truncated rhombohedron, a way he could have constructed it, and a possible motivation for this construction are discussed. C There are many books and papers on Albrecht Dürer (1471-1528), especially in relation to his contributions to geometry (for an introduction, see [6] [7] [8] [9] ) and his masterpiece "Melencolia I" (1514, Fig. 1 ). For this reason, I will dispense with preliminaries and present a hypothesis on the well-known polyhedron that, as far as I know from the literature on Dürer, is new. Let us remember two facts: Fig. 2 ), where he applies this method also to human heads and bodies. There, he shows how the plan and elevation of a cube in a general position can be constructed from a simple initial position by repeated turning (Fig. 2) .
There are many books and papers on Albrecht Dürer (1471-1528), especially in relation to his contributions to geometry (for an introduction, see [6] [7] [8] [9] ) and his masterpiece "Melencolia I" (1514, Fig. 1 ). For this reason, I will dispense with preliminaries and present a hypothesis on the well-known polyhedron that, as far as I know from the literature on Dürer, is new. Let us remember two facts:
First, Dürer was a pioneer in solving spatial constructions by the method of plan and elevation, later perfected by Gaspard Monge. (It consists of representing spatial objects by their projections onto two or three mutually perpendicular planes and executing the spatial constructions with these projections.) This is demonstrated not only by about 15 different examples in his Underweysung [1] (1525) but also in his Vier Bücher von menschlicher Proportion [2] (1528, cf. Fig. 2 ), where he applies this method also to human heads and bodies. There, he shows how the plan and elevation of a cube in a general position can be constructed from a simple initial position by repeated turning (Fig. 2) .
Unfortunately, the Vier Bücher are less known and less studied by historians of geometry than the Underweysung. For the construction of perspective pictures, Dürer gives in the Underweysung only technical proposals by means of mechanical devices and self-explanatory illustrations, without commentaries or geometric reasoning. The enlarged posthumous edition (1538) of the Underweysung merely repeats some ideas on perspective from Italian authors. Dürer thus seemed fully occupied by the powerful plan and elevation method, much more than by the method of central perspective. Second, as early as the times of Paolo Uccello, Piero della Francesca, and Luca Pacioli, Renaissance artists were fascinated by "regular" polyhedra. But "regular" then was not primarily "Platonic" or "Archimedean." Rather the existence of a circumscribed sphere and the smallness of the deviation from this sphere seems to have been a criterion for beauty and pictures, since he incorporates them in his Underweysung: After the nets of some Platonic and Archimedean solids, he shows again the right solid from Fig. 3 and then the nets of two further solids of his own invention, not semiregular 1 in the modern sense, but just so constructed that they have a circumscribed sphere. The first of these is generated from a cube by cutting four triangles from each of the vertices so that the squares become regular twelve-sided polygons. (Fig. 4 ; obviously all vertices of this solid have the same distance from the midpoint of the cube.) The second polyhedron consists of a six-sided regular prism with six-sided pyramids on the top and on the bottom. (Fig. 5 ; h = a ensures the existence In his text, Dürer also stresses the existence of the circumscribed spheres of all the presented solids. He writes, for example, "die in ein kugel darin sie allenthalben an rüren verfast mügen werdenn" [1, 29] , "Dise Corpora rüren in einer holen kugel mit all iren ecken an" [1, 34] , etc.
Johannes Kepler in 1619 in his Harmonices mundi, when enumerating all possible semiregular solids, also discussed (for the first time) prisms and antiprisms with an arbitrary number of vertices of the base. Figure 6 shows an antiprism with a six-sided base and congruent top. In the general case, a regular n-polygon and three regular triangles meet at each vertex. So the antiprisms are semiregular in the Archimedean sense. Nevertheless, Kepler at once rejects them even though they are Archimedean and have circumscribed spheres because in his opinion they are not sufficiently similar to a sphere if the number of the vertices of the base is greater than 4. He writes that ". . . the solid then will have the shape of a disk and will look similar to a plane figure but not at all like a sphere" [4, Book II, Def. XIII]. So we see that, for Kepler, semiregularity in the modern sense (cf. footnote 1) was not sufficient to be a "good" polyhedron. For him, a good approximation of the circumscribed sphere was a more important property than pure combinatorial (semi)regularity.
Let us now proceed to our main point. Of course, Dürer could have known that the plan and elevation of a regular cube may look like Fig. 7b . The six mean vertices then lie on two horizontal and congruent circles, and this fact remains true if the cube is stretched in the vertical (z-) direction by x = x, y = y, z = cz (c > 1 fixed), generating a rhombohedron. So these six vertices of the rhombohedron retain a common sphere, but the two vertices at the bottom and on the top do not lie on this sphere (Fig. 7c) .
Using the plan and elevation method, Dürer was able to construct a section of these vertices such that the six newly generated vertices lie on the same sphere as the six remaining vertices of the rhombohedron (Fig. 7c) . The rhombohedron so truncated has again a circumsphere, and hence in Dürer's mind it is beautiful. Exact reconstruction of Dürer's solid proves that it has precisely this property. (The exact shape of the solid was reconstructed from its perspective picture, e.g., in [9, 70ff.] . So one has to prove only that this shape is identical with what follows from the construction shown in Fig. 7c.) Of course, Dürer could do the
